Non-quantized Dirac monopoles and strings 
in the Berry phase of anisotropic spin systems 
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The Berry phase of an anisotropic spin system that is adiabatically rotated along a closed circuit 
C is investigated. It is shown that the Berry phase consists of two contributions: (i) a geometric 
contribution which can be interpreted as the flux through C of a non-quantized Dirac monopole, and 
(ii) a topological contribution which can be interpreted as the flux through C of a Dirac string carrying 
a non-quantized flux, i.e., a spin analogue of the Aharonov-Bohm effect. Various experimental 
consequences of this novel effect are discussed. 
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Dirac's elegant explanation of charge quantization as 
a consequence of the existence of at least one hypothet- 
ical magnetic monopole Q has stimulated considerable 
interest. It is important to realize that the hypothesis 
of spacial isotropy plays a central role in Dirac's theory: 
spacial isotropy requires that the Dirac string attached 
to the Dirac monopole (in order to ensure compatibility 
with the known laws of electromagnetism and quantum 
mechanics) be "invisible" to electrons, which, in turn, 
requires that the flux carried by the Dirac string is quan- 
tized in units of </>o = hc/e (otherwise the string would be 
able, via the Aharonov-Bohm effect 0, to scatter elec- 
trons, which would violate the assumed isotropy). The 
quantization of electric and magnetic charges in units of 
e and <?, respectively, with eg = h/(2c), then follows. To 
the best of our current experimental knowledge, space is 
indeed isotropic and charges are quantized to a relative 
accuracy better than 10 -21 |3(- But in spite of consider- 
able efforts, Dirac monopoles have remained elusive, so 
far. 

It is therefore of great interest to investigate ob- 
jects that are completely analogous to the "real" Dirac 
monopoles, however living in some abstract space (unlike 
the "real" Dirac monopoles, which live in real space), 
and possessing the great advantage of being more eas- 
ily amenable to experiment. Such "fictitious" Dirac 
monopoles (from here on, I shall simply call them Dirac 
monopoles, without ambiguity) play an outstanding role 
in the context of the Berry phase of quantum systems adi- 
abatically driven around a closed circuit C in the space 
of external parameters |4| . For the case of a spin S in a 
magnetic field (hereafter called Berry's model), the Berry 
phase is proportional to the "flux" of a quantized "Dirac 
monopole" through the circuit C (in this case the exter- 
nal parameters reduce to a unit vector and the param- 
eter space is the sphere S 2 ). The quantization of the 
"Dirac monopole" is directly related to the quantization 
of the angular momentum along the field axis, i.e., to 
the rotational invariance of the Hamiltonian around the 
field axis. However, in the light of the above discus- 
sion on the interplay between space isotropy and charge 
quantization, one can anticipate that the quantization of 



the Dirac monopole may be lifted if the rotational in- 
variance is broken, which may lead to non-trivial new 
physical phenomena. For Berry's model, the parameter 
space (sphere S 2 ) is simply connected (its fundamental 
homotopy group is trivial: iri(S 2 ) — 0), so that the Berry 
phase may not depend on topological properties of the cir- 
cuit C and is purely geometric (solid angle). By contrast, 
in the more general case of anisotropic spin systems, the 
parameter space is not simply connected, as discussed 
below, so that the Berry phase may be expected to con- 
tain a term that depends on some topological property 
of the circuit C. The simplest example of a topological 
Berry phase is given by the Aharonov-Bohm effect 0: 
here the parameter space is (or may be reduced to) the 
circle S 1 , which is non-simply connected and has a non- 
trivial fundamental homotopy group 7Ti(S' 1 ) = Z; the 
Berry phase is given by the winding number of the cir- 
cuit C around the Aharonov-Bohm flux tube multiplied 
by the (in general non- quantized) flux of the tube. The 
aim of the present paper is (i) to show that something 
similar generally happens in anisotropic spin systems, (ii) 
to give explicit predictions for this novel effect, and (iii) 
to discuss some experimental realizations. 

Let Hq be the Hamiltonian of a completely general 
spin system, comprising an arbitrary number of inter- 
acting spins, subject to external magnetic fields, and to 
arbitrary magnetic anisotropies, and = UrHqUr -1 
the Hamiltonian resulting from a global rotation R. We 
are interested in the Berry phase associated with a closed 
circuit C in the parameter space of rotations, consisting 
of adiabatic continuous sequences of rotations R(i) with 
t e [0,T] and R(0) = 1. Obviously, for C to be closed, 
R(T) has to belong to the group Q of the proper symme- 
tries of H ■ 

Let us first discuss the topology of the parameter space 
M.. The latter depends on the order q of Q. As an ex- 
ample, let us consider the model depicted on Fig. 1; for 
cases (a), (b), and (c), Q is Ci, C2, and Coo, respectively. 
Rotations may be represented in the axis-angle param- 
eterization by points in a 3D-ball of radius 2tt. Each 
rotation of SO(3) is represented by a pair of 2 distinct 
points in the ball (since (9, n) and (2tt — 0,—ri) repre- 
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FIG. 1: Sketch of the parameter space M (in angle-axis rep- 
resentation) for a spin S > 1 with a uniaxial anisotropy axis 
of various orientations, and a magnetic field along z. The var- 
ious homotopy classes of closed loops are shown and labelled 
by the corresponding element of the fundamental homotopy 
group tti(M). See text for details. 



sent the same rotation); in particular, the identity 1 is 
represented both by the origin and by the entire sphere 
of radius 2tt. Furthermore, rotations of 5*0(3) which are 
related to each other by proper symmetries of Hq yield 
in fact the same Hamiltonian and are to be identified, 
so that each element of the parameter space M. is repre- 
sented by a set of 2q points in the ball of radius 2n, i.e., 
M = SO(3)/Q. For case (c) (Q — Coo), one has on the 
z-axis a continuous line of points equivalent to the iden- 
tity. Closed loops starting from the origin that can be 
continuously deformed into each other (shown with the 
same color in Fig. 1) belong to a same homotopy class. 
For example one easily sees that there are, respectively, 2, 
4, and 1 distinct homotopy classes in cases (a), (b), and 
(c). To summarize, for Q = C q with 1 < q < +oo, one 
finds M = S0(3)/C g = 1P 3 /Z„ and the fundamen- 
tal isotopy group is tti(M) = 7r 1 (RP 3 /Z 9 ) = Z 2q , the 
group of integers modulo 2q; for Q = C^, one gets M = 
S0{3t)/C oa — S 2 , which is simply connected, and one re- 
covers the result of Berry's model, ni(M.) = tti(S 2 ) = 0, 
as expected. 

Let us then calculate the Berry phase. The rotations 
will now be parameterized in the form R = (ip, 9, (3), with 
f3 = ip+tp, where (ip, 9, ip) are the Euler angles. The polar 
angles (p, 9) give the orientation of unit vector z(R) of 
the rotated z-axis, while j3 gives the twist angle of the 
x- and y-axes around z(R). The unitary operator of the 
rotation R is C/r = e -' l vJ, e -^J ye -Kfi-v)-h j j being the 
total angular momentum operator. 

Let ) (with n = 1,2,...) be the normalized eigen- 
states of Ho, of energies E n . For a general rotation 
R, we choose as basis functions the rotated eigenstates, 
|# R ) = £7r|*#), with energies E n (R) = E„, indepen- 
dent of R. From now on, we shall restrain our discussion 
to the case of non-degenerate levels E n (abelian case). 
Note that H R = H does not imply |* R ) = but 
only |\I> R ) = e~ 1Q R \^ l ); this multivaluedness of the ba- 



sis functions requires particular care. 

Berry £| pointed out that for a system satisfying 
|*(t = 0)) = |*o) adiabatically (i.e., in a time T > 
h/\E m — E n \, V m ^ n) transported along the closed 
circuit C, the wave function at time T (after closing the 
circuit) is given by \#(T)) = e^+i^ic)] |$n) ; where 

5 n = —h^ 1 J T E n (R(t)) dt = —E n T/h is the dynamical 
phase and j n (C) = i J c (* n (R)|9 R *„(R)) -dR-cv™ (T) is 
the Berry phase (independent of T and depending only 
on the circuit C), of interest here. Note that the last term, 
in the above equation, is due to the multivaluedness of 
the basis functions and was absent in the original paper 
of Berry p| , where a single- valued basis was considered. 

Simple algebra then yields 7 n (C) = f c • dR — 
iln [<¥ff| C/ R(T) , with A R = (*J|A R |*J), 
and Ar = i(Ur)~ (OrUr) . One then obtains 
the components of A: A v = J z (cos9 — 1) — 
sin 9 [J x cos(/3 — p) — J y sin(/3 — ip)], Ae = J x sin(/3— p) + 
J v cos(f3 — p), Ap = J z . So far, we have not specified any 
particular choice for the cartesian axes. When calculating 
7„(C), it is convenient to choose the z-axis along the ex- 
pectation value of J for the state |\Pq)> i- e -> z ™ = ^n/Jn, 
with J„ = (*5|J|*g) and J n = ||J„||. Note that in 
the most general situation, J„ is not a multiple of 1/2 
and that the z-axes defined in this way may be differ- 
ent for different states n and n'\ if J n = 0, the choice 
of z„ is indifferent. With this choice, one immediately 
gets ^4™ = J„ cos(#„ — 1), Ag = 0, A^ = J n , where the n 
indices on the Euler angles remind that they are defined 
here with respect to a n-dependent z— axis z^. 

We now consider the last term of the Berry phase. 
Since R(T) belongs to the symmetry group of Hq, it must 
leave J n invariant, so that 9 n (T) = 0; therefore t/Wy) — 
e -i/3„(c)J^ ^gj-g n (C) = J c df3 n is the total twist angle 
of the x- and y-axes around z„. If z„ is a symmetry 
axis of order q, we must have (3 n (C) = p n (C) 2ir/q, with 
p n (C) E Z. The state \^q) may be expanded in terms 
of the eigenstates |M;z„) of J z with quantum number 
M (for the z-axis along z n ), i.e., = J^m v-liW'^n)- 
Let M n be the largest value of M for which a\ { ^ 0; 
one can easily see that the only values of M for which 
a'lj are of the form M n — rq, with r £ N, so that 
a R(T) = M n Pn{C) mod 27T. Putting everything together, 
one finally obtains 

7„(C)= -J n fl n (C) - (M n -J n ) — Pn (C) mod27r, (1) 

where f2„(C) = f c (1 — cos9 n ) d(p n is the (oriented) solid 
angle of the curve described by z„(R). Equation JTJ 
is the central result of this paper. It is in fact a fairly 
general theorem, applying a broad class of systems, as it 
relies only on the properties of rotations, independently 
of any specific detail of the Hamiltonian. 

The physical interpretation is as follows. A given ro- 
tation R is represented by a point of polar coordinates 
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FIG. 2: Schematic representation of a circuit C on the Berry 
sphere with a Dirac monopole at its center, and on the Berry 
ring threaded by a Dirac string. In the case depicted here, 
the winding number p n (C) equals zero. 

('fin, S n ) on a sphere (hereafter called the Berry sphere) 
giving the orientation of z„(R), and by a point on a 
ring (hereafter called the Berry ring), with angular co- 
ordinate q(3 n (describing the twist of the x- and ?/-axes 
around z„(R)); the winding number p n (C) of the cir- 
cuit C around the Dirac string is a topological invariant 
of C (mod 2q). A Dirac monopole of strength — J n is 
positioned at the center of the sphere, whereas the ring 
is threaded by a Dirac string carrying a flux equal to 
— 27r(M„ — J n )/q. The Berry phase for a given circuit C 
is then given by the sum of the fluxes through C due to 
the Dirac monopole at the center of the Berry sphere and 
to the Dirac string threading the Berry ring, as depicted 
schematically on Fig. [5] 

The contribution of the Dirac monopole is proportional 
to the solid angle f2 n (C), which is a geometric prop- 
erty of the circuit C, and may be called the geometric 
Berry phase. The contribution of the Dirac string is pro- 
portional to the winding number p n (C) of the circuit C 
around the Dirac string, and may be called the topological 
Berry phase. 

The latter contribution constitutes a spin analogue of 
the Aharonov-Bohm effect |2(. The analogy, however 
is not one-to-one, since the topology of the parameter 
space in the present case (M. = RP 3 /Z g , tti(M) = 
Z-iqj differs from the one of the Aharonov-Bohm effect 
(M = S 1 , m(M) = Z). This is related to the fact 
that a solid angle is defined modulo 47r: writing p n (C) = 
2qk n (C) + r n (C) with r n (C) and k n (C) integers, Eq. JTJ 
may be rewritten as J n (fi) — ~Jn [^n(C) — 47rfc„(C)] — 
(M n -J n )^-r n (C) mod 2tt. 

The Dirac monopole giving rise to the geometric Berry 
phase is generally non-quantized; the deviation from ex- 
act quantization, M n — J n , is a measure of the effect of 
anisotropy for \^q). This clearly illustrates the above 
discussion on the interplay of charge quantization and 
spacial isotropy. The topological Berry phase due to the 
Dirac string obtained here constitutes a novel effect that 
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FIG. 3: Illustration of the analogy between (A) the geometric 
Berry phase of magnons on a ring due to a texture of the 
magnetization and (C) the (geometric) Aharonov-Bohm effect 
in a homogenous field, contrasted with the analogy between 
(B) the topological Berry phase of magnons on a uniformly 
magnetized ring due to the magnetic anisotropy and (D) the 
"true" (topological) Aharonov-Bohm effect due to the vector 
potential of a flux tube. 



appears only for anisotropic systems. 

Let us now consider how the geometric and topo- 
logical Berry phases could be probed experimentally. 
The present theory most directly applies to nuclear or 
electronic spin systems in an anisotropic environment. 
The simplest way of probing the Berry is to repeat pe- 
riodically the circuit C at a frequency loc/(2tt) (with 
hioc *C \E m — E n \, V m 7^ n). The Berry phase will 
therefore increase linearly in time, which means that 
the energy of the state n will be shifted by an amount 
AE n — — hioc 7 n (C)/(27r). These frequency shifts would 
be measurable as a shift Alu = ujq (jn{C) — j n ' (C)) / (2tt) 
of the magnetic resonance line corresponding to transi- 
tions between the states n and n' . By taking suitably 
chosen circuits C one can investigate the geometric and 
adiabatic Berry phases separately. 

In particular, by choosing a circuit that is just a ro- 
tation of 27r/g around z„ (which is also the simplest ex- 
periment), only the topological Berry phase is probed. 
For nuclear spins, this is simply achieved by spinning the 
sample, a standard technique in nuclear magnetic res- 
onance that was successfully applied to study both the 
abelian and non-abelian (geometric) Berry phases of 35 C1 
nuclei (S = 3/2) (3,0- The simplest case is for a sin- 
gle spin S > 1 with Hamiltonian Ha = —BS Z + KS X 2 
(case (b) on Fig. 1). Taking C as a rotation of +7r 
around the z-axis, one easily calculates the Berry phase: 
7i = -7-i = -tt[1 - b/VT+W], 7o = 0, for 5 = 1 , 
and 73/2 = - 7 _ 1/2 = -tt[1 - (b + 1 )/ y/(b + l) 2 + 3], 

7i/2 = -7-3/2 = -*r[l - (b - l)A/(6- l) 2 +3], for 
S = 3/2, where b = 2B/K and where the states are 
labelled by the (quantized) value of S z obtained in the 
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FIG. 4: Magnon spectrum of a ferromagnetic ring of radius B, 
with exchange stiffness A and tangential easy-axis anisotropy 
K = tyM 2 , in a uniform perpendicular magnetic field B, for 
a typical value 4KB 2 /A — 200. Solid and dashed lines corre- 
spond to modes with counterclockwise and clockwise group 
velocities, respectively. The vertical dashed line gives the 
critical field for stability of the state with uniform vertical 
magnetization. 

limit K -> 0. 

For electronic spins, sample spinning is not a realistic 
approach. The Berry phase can nevertheless be investi- 
gated by applying the magnetic field at some angle 9b 
with respect to the anisotropy axis (case (a) in Fig. 1), 
and by rotating the field on a cone of angle 9 b around the 
anisotropy axis, which can be conveniently done experi- 
mentally. The Berry phase obtained in that case contains 
both a geometric and a topological contribution. 

The Berry phase may also influence the properties of 
magnons. For example, it has been recently indicated 
that the geometric Berry phase due to a non-coplanar 
texture of the magnetization of a ferromagnetic ring (see 
Fig. would affect the dispersion of magnons (lifting 
the degeneracy of clockwise and anticlockwise propagat- 
ing magnons), and generate some equilibrium spin cur- 
rents In this study, however, the effect of magnetic 
anisotropy was ignored (in a classical picture, this corre- 
spond to a circular precession of the magnetization), so 
that the resulting Berry phase associated with the prop- 
agation of a magnon around the ring is merely that of a 
quantized monopole, and does not include the topological 
Berry phase due to a non-quantized Dirac string. The 
geometric Berry phase obtained in this case is analogous 
to the geometric (i.e., dependent on the particular geom- 
etry of electron trajectories, because of the finite width 
of the ring's arms) Aharonov-Bohm effect for a ring in a 
homogenous magnetic field, as depicted schematically on 
Fig-HP- Since magnons have a spin S = 1, they may be 
subject to magnetic anisotropy. If one properly incorpo- 



rates the effect of magnetic anisotropy, then the topolog- 
ical Berry phase gives rise to new effects. For example, 
if one considers a magnetic ring uniformly magnetized 
along the ring axis, and with some magnetic anisotropy 
giving a tangentially oriented easy-magnetization axis, 
then the precession of the magnetization (in a classical 
picture) has an elliptical polarization whose large axis is 
tangential to the ring and makes a turn of 2tt around the 
ring (this corresponds to a winding number p(C) — 2), as 
depicted schematically on Fig. |23, so that a topological 
Berry phase is generated by the anisotropy; the degree 
of ellipticity, and hence the topological Berry phase, can 
be conveniently controlled by means of an external field 
parallel to the ring axis. The latter situation is analo- 
gous (except for the difference discussed earlier) to the 
"true" (i.e., topological) Aharonov-Bohm effect, in which 
the flux threading the ring is concentrated in a flux tube, 
the ring itself being in a field- free region (see Fig. 03). 
The required anisotropy would be easily obtained as a 
consequence of shape (dipolar) anisotropy, if one takes 
a magnetic ring approximately as thick as wide. The 
topological Berry phase would manifest as a splitting of 
magnon spectrum, lifting the degeneracy between clock- 
wise and anticlockwise propagating magnons, an effect 
that could be observed rather easily. A detailed account 
of the effect of Berry phase on magnons will be given 
elsewhere ,8J; I give below, without further details, the 
results for the magnon spectrum of a ring of radius R with 
exchange stiffness A and (dipolar) magnetic anisotropy 
K = ttM 2 , in a perpendicular field B sufficiently large 
to homogenously magnetize the ring along its axis (see 
Fig. [3)3). I consider a typical ferromagnetic ring (Ni ring 
of radius R ~ 75 nm, width w ~ 20 nm, and thickness 
h ~ 20 nm); the ring is characterized by the dimension- 
less parameter 4KR 2 /A ~ 200. The calculated magnon 
spectrum is shown on Fig. where the lifting of the de- 
generacy between states with anticlockwise (n > 0) and 
clockwise {n < 0) group velocity due to the topological 
Berry phase appears very clearly. 
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